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Abstract

Supervised disentanglement, that is, learn-
ing interpretable nonlinear latent represen-
tations of a target data view informed by
an auxiliary data view, is a central chal-
lenge in interpretable machine learning. We
formulate this problem as a partially lin-
ear invertible canonical correlation analysis
(PLiCCA). Specifically, given two data views,
(i) complex data lying near a potentially
high-dimensional manifold, and (ii) auxiliary
high-dimensional multivariate data, PLiICCA
learns latent variables for the complex view
that are maximally correlated with sparse lin-
ear combinations of the auxiliary variables.
In contrast to regression-based approaches
to supervised disentanglement, the proposed
method yields a latent embedding whose co-
ordinates are explicitly ordered by their inter-
pretability with respect to the auxiliary vari-
ables. We formalize the population PLiCCA
problem and establish existence results. We
then show a close theoretical connection be-
tween PLICCA and conditional latent vari-
able models, in particular conditional vari-
ational autoencoders and conditional nor-
malizing flows, which enables practical esti-
mation. We demonstrate our approach on
brain imaging data, where PLICCA is used
to learn embeddings informed by auxiliary
demographic, psychometric, and behavioral
variables.
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1 INTRODUCTION

Disentangled representation learning (Wang et al.,
2024; Moran and Aragam, 2026) aims to learn low-
dimensional representations in which distinct factors
of variation are encoded in separate latent coordinates.
It is widely regarded as a fundamental problem in in-
terpretable machine learning (Rudin et al., 2022). Al-
though unsupervised disentanglement, where no aux-
iliary data are available, has been studied extensively
(see, e.g., Meo et al., 2024; Balabin et al., 2024), it
has been shown to be unidentifiable in full generality
(Locatello et al., 2019). This has motivated the devel-
opment of supervised (Liu et al., 2022; Wang et al.,
2024) and weakly supervised approaches (Shu et al.,
2019; Locatello et al., 2020; Shen et al., 2022), which
leverage an auxiliary data view to guide the learning
of a low-dimensional representation of a target data
view. Such representations are valuable in their own
right, but they are most often used in downstream
tasks, where supervision can provide the inductive bias
needed for generalization.

Broadly, supervised disentanglement methods follow
one of two strategies: (i) a two-stage approach, which
first performs unsupervised disentanglement of the tar-
get view and subsequently regresses the learned la-
tent variables on an auxiliary interpretable view (Adel
et al., 2018; Van et al., 2020) or (ii) a joint approach, in
which both steps are carried out simultaneously (Nal-
isnick et al., 2019; Zhao et al., 2019; Ding et al., 2020;
Pati and Lerch, 2021; Lu et al., 2024; Inecik et al.,
2025; An and Jeon, 2024). We pursue both approaches
but argue that canonical correlation analysis (CCA),
rather than regression, provides a more principled way
to align a low-dimensional representation of the target
view with the auxiliary view.

To formalize this idea, we consider two random vec-
tors: the target data view Y € M ¢ R?, where M
is a manifold embedded in RY, for which we seek
a nonlinear invertible latent representation, and the
high-dimensional auxiliary data view X e RP. We



Supervised Disentanglement via CCA

Data

Target view Y

encoder

Canonical
4 embedding

g(Y)

Auxiliary view X

2 N T
: Linear supervision

Training only
NI IT T T] |

Latent traversal

decoder

PLiCCA-VAE

First canonical direction for Y

Traversal in data space

First canonical direction for X

ProcSpeed_Unadj
ProcSpeed_AgeAdj
CardSort_AgeAdj
Correction
Times Sedatives
Avg Drinks

Figure 1: Diagram of PLICCA-VAE, with the notation of Theorem 3.3, and C = Cyag, applied to 700 subjects from
the Human Connectome Project (Van Essen et al., 2013). Functional connectivity is treated as the target view,
while demographic, psychometric, and behavioral variables form the auxiliary view. PLiCCA learns nonlinear
latent variables of the target view that are linearly associated with the auxiliary variables. To illustrate the
interpretability of the latent representation of Y, we display the trajectory induced by the first canonical direction
in the latent space of Y (latent traversal), mapped back to the data space through the decoder, alongside the
linear trajectory induced by the corresponding canonical direction of X. Only the six auxiliary variables with
the largest weights are shown. Positive weights are shown in red and negative weights are shown in blue. The
results appear to recover a positive-negative mode consistent with that identified in Smith et al. (2015).

aim to learn a supervised disentangled representation,
that is, a low-dimensional, interpretable latent vari-
able U € RY, with d « ¢, and a decoder-encoder pair
f:R? >R and g:R? - R?, such that

Y=f(U)+e, (1)

where e denotes residual error, U = ¢(Y), and the
auxiliary data view X informs the construction and
interpretation of U.

Our approach learns a latent representation U of the
target view Y that is linearly correlated with the aux-
iliary view X. Imposing a (partially) linear struc-
ture on the latent space offers several advantages for
downstream tasks, such as improving interpretation
of the latent space (Huben et al., 2023), enabling la-
tent space interpolation (Bodin et al., 2025), facil-
itating conditional sampling (Jahanian et al., 2020;
Hérkonen et al., 2020), and supporting few-shot re-
gression (Nitzan et al., 2022).

Contributions.

(i) We propose novel joint and two-stage approaches to
supervised disentanglement via partially linear invert-
ible canonical correlation analysis (PLiICCA). PLiICCA
learns invertible, nonlinear latent representations of
the target view that are maximally associated with
sparse linear combinations of the auxiliary view, yield-
ing embeddings whose coordinates are ordered by their
association with interpretable auxiliary variables.

(if) We prove the existence of population solutions to
PLiCCA and provide a rigorous theoretical characteri-
zation of the problem as a nonlinear regression. Build-
ing on this characterization, we establish a connection
to conditional latent variable models, in particular,
conditional variational autoencoders and conditional
normalizing flows. We show formally that both mod-
els can be viewed as relaxations of PLiICCA, in which
hard-to-enforce global constraints are replaced by lo-
cal ones. This connection enables efficient estimation
of PLiCCA via proxy conditional generative models.

2 BACKGROUND AND RELATED
WORK

CCA (Hotelling, 1936; Guo and Wu, 2019; Yang et al.,
2019; Chapman and Wang, 2021) is a classical statis-
tical method that, given two data views, learns linear
transformations of each view to produce latent vari-
ables whose resulting representations are maximally
correlated. Hence, it provides bases (latent represen-
tations) for both data views, but unlike principal com-
ponents analysis, each basis is informed by the other
data view.

A key advantage of linear CCA over more com-
plex methods is its simplicity and interpretability
(Gosiewska et al., 2021). To preserve this prop-
erty and to ease estimation even for high-dimensional
views, sparse CCA approaches have been proposed,
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which typically employ sparsity-inducing penalties to
perform variable selection (see, e.g., Li et al., 2024;
Bykhovskaya and Gorin, 2023; Buenfil and Lila, 2024,
and references therein). The supervised disentangle-
ment approach considered in this paper, PLICCA,
builds on sparse CCA, but treats the two data views
asymmetrically: one data view is modeled linearly,
while the other data view is modeled nonlinearly.

Nonlinear CCA (Lancaster, 1958; Breiman and Fried-
man, 1985; Hannan, 1961; Michaeli et al., 2016) re-
places linear transformations with nonlinear classes of
functions, such as reproducing kernel Hilbert spaces
(Lai and Fyfe, 2000; Akaho, 2006), and, more recently,
neural networks (Andrew et al., 2013; Friedlander and
Wolf, 2023). However, these approaches do not guar-
antee the invertibility of the nonlinear mappings, hin-
dering interpretability. To mitigate this issue, Wang
et al. (2015a) introduced DCCAE, which augments the
CCA objective with a reconstruction term based on
autoencoders. However, DCCAE is deterministic and
therefore does not leverage the advantages of varia-
tional autoencoders over standard autoencoders.

We defer to Section C for an extended literature re-
view, including works relating CCA and latent vari-
able models to the multi-view data problem (Guo
et al., 2019), as well as on applications of indepen-
dent component analysis to supervised disentangle-
ment (Hyvérinen et al., 2023).

There is also a large body of work on unsupervised
disentanglement (see, e.g., Meo et al., 2024; Balabin
et al., 2024; Mathieu et al., 2016; Kim and Mnih, 2018;
Schmidhuber, 1992). Although our contributions fo-
cus on supervised disentanglement, our formulation
remains compatible with many existing notions of un-
supervised disentanglement. In particular, a common
approach to disentanglement in latent variable models,
including variational autoencoders (VAESs), is to aug-
ment the objective function with a disentanglement-
inducing term (see Table 1 of Wang et al. (2024) for a
succinct summary), and our use of conditional VAEs
is compatible with this strategy.

3 PLiCCA

3.1 Population problem

In this section, we define the population problem of
interest and show that it is well posed. Specifically,
we study the partially linear CCA problem (Michaeli
et al., 2016) under the additional constraint that the
nonlinear embedding is approximately invertible. We
refer to the partially linear invertible CCA problem as
PLiCCA. See Section D for background on the par-
tially linear CCA without the invertibility constraint.

Recall that we consider two random vectors: the target
view Y € M ¢ R?, where M is a manifold embedded
in R? for which we seek a nonlinear invertible latent
representation, and X € RP, the high-dimensional aux-
iliary data. Without loss of generality, we assume X
and Y satisfy E[X] =0 and E[Y] = 0. Throughout
the manuscript, we denote the covariance of a random
vector Z as Xz =E[(Z-E[Z])(Z-E[Z])"], and we
say that Z is isotropic if ¥z = I, where I; denotes the
d x d identity matrix.

We define PLiCCA as the following constrained opti-
mization problem, where the constraint set C encodes
the invertibility of the latent representation:

d
maximize Y E[g:(Y)0] X]
gRI-RY, TeRP* ;7
Sgvy=Errx=la
geC

2
)

(2)

where T = [01,...,604] and
(1Y), 9a(Y))".

Intuitively, we can think of U; = ¢;(Y) and V; = 0] X,
as nonlinear and linear transformations of Y and X,
respectively, which have maximal correlation between
them while being pairwise uncorrelated, as enforced
by Yy = ¥y = I;. The variables (U;,V;) are referred
to as canonical variable pairs, and can be ordered so
that the maximizing correlations ~; = ]E[gi(Y)GiTX ]
are decreasing in i. The variables ; are referred to
as the canonical correlations. The columns of T are
referred to as the canonical vectors for X, and g(Y) is
referred to as the canonical embedding for Y.

g(Y) =

We note that, unlike the original partially linear CCA
formulation, we maximize squared correlations. It
can be shown that when ¢ is linear, maximizing the
squared correlations is equivalent to maximizing the
sum of the correlations (see Lemma E.1). This minor
modification of the objective allows us to draw closer
connections to regression and latent variable models
(see Theorem 3.3).

3.2 Supervised disentanglement via PLiCCA

Before defining our notion of invertibility through C,
we explain how solving PLiCCA provides an approach
to supervised disentanglement. Suppose g is a solu-
tion to the PLICCA problem and is ‘invertible’, with
inverse f. We have

Y= f(g(Y)) (3)
= f(U), (4)
where U = g(Y). Then, PLiCCA provides a solution

to the supervised disentanglement problem for (Y, X)
and enjoys the following desirable properties:



Supervised Disentanglement via CCA

(i) Ordered disentanglement of Y. The invert-
ibility of g guarantees that U disentangles Y, since
Y = f(U) and Xy = I, so the coordinates of U are
uncorrelated with one another. Moreover, the coordi-
nates of U can be naturally ordered by interpretabil-
ity, where interpretability is determined by correlation
with the auxiliary variables, in the sense that they can
be arranged so that the correlations «y; between U; and
V; are decreasing. In contrast to other CCA-based ap-
proaches, such as deep CCA, the invertibility of the
embedding g enables us to understand how changes to
the latent space translate into changes in the target
view Y.

For instance, to interpret the ith latent variable U,
we consider the one-dimensional latent subspace corre-
sponding to the ith coordinate. Mapping this subspace
through the inverse map f induces a nonlinear trajec-
tory in the space of the target view (e.g., neuroimaging
data), revealing how variation along this coordinate is
expressed in the observed data. Similar constructions
arise in other VAE-based approaches through so-called
latent traversals (see, e.g., Song et al., 2023, and ref-
erences therein).

(ii) Interpretability through sparse linear sig-
natures. The trajectory corresponding to U; in the
auxiliary view is the one-dimensional linear subspace
spanned by ;. If the canonical vectors 6; are estimated
to be sparse, then the associated variables V; = ] X are
readily interpretable as linear combinations of only a
few selected variables in X, remaining mutually uncor-
related via Xy = I;. In this way, each learned latent
coordinate U, is paired with a sparse linear “signature”
in the auxiliary view. The partially linear formulation
then allows U; to be interpreted through its associa-
tion with the corresponding sparse linear combination
V;. The signs and sparsity pattern of the coefficients
in 6; further facilitate the interpretation of the latent
representations U;. An illustration in the context of
our data analysis is provided in Figure 1.

3.3 Definition of the invertibility constraint
set C

To define PLiCCA, we need to specify the set C, which
provides an appropriate notion of invertibility of the
canonical embedding g. Since g must also project the
data into a lower-dimensional space, the natural ide-
alization would be to define C as the set of diffeomor-
phisms from supp(Y') to R?. However, this would re-
quire supp(Y’) to be contained in a manifold M with
dimension dim(M) = d, an assumption that is often
unrealistic, particularly in the presence of noise.

A more realistic approach is to impose the following
autoencoder-type condition, which states that Y lies

approzimately on a d-dimensional manifold:
Cc{g:R? »Rdzﬂf:Rd—ﬂRq s.t.

2
E[|Y - f(a(")3] <e}-

In the following theorem, we establish the existence
of a solution to our PLiCCA problem for a class of
functions C satisfying this property. We denote this
constrained set of functions as Cyag, in anticipation of
the VAE-based methodology developed later.

We recall that a function f: K — R¢ is M-Lipschitz
if it satisfies | f(z) - f(y)]|o < M |z -y, for all z,y €
K cRY.

Theorem 3.1 Suppose Xx is invertible and that
supp(Y) ¢ K, where K is a compact subset of RY.
Fiz constants M, m,e,d>0. If C is chosen as

Cvap={g: K > R*:E[g(Y)] =0,g is M-Lipschitz,
3f:RY > R? s.t. E[f(g(Y))] =0,
f is m-Lipschitz, and E|Y - f(g(Y))|3 <},

and Cvae N {g : Byvy = la} # &, then there exists a
solution (g, T) to the PLiCCA problem

d
2
maximize E|lg; (YOI X]| . 5
g:Rde’TeRpxd; [9:(Y)0] X] (5)
Egvy=Errx=la
geCvag

Remark 1 The assumption that Cyag is non-empty
only serves to ensure that the pair (¢,d) is compatible,
i.e., that Y can be compressed to dimension d with
reconstruction error at most €. For fized €, one can
always find a d such that Cyag is non-empty. Indeed,
taking d = q achieves a reconstruction error of 0 via
the identity map.

We emphasize that, to our knowledge, this is the first
work to establish such an existence result, as many
related approaches consider only finite-sample formu-
lations of the problem.

3.4 Two-stage approach

Solving PLiCCA simplifies when Y lies on a known or
previously estimated lower-dimensional manifold M ¢
R?. In particular, if dim(M) = d and M is a connected
complete Riemannian manifold of non-positive sec-
tional curvature, then thanks to the Cartan-Hadamard
Theorem (Lee, 2018), there exists a global chart ¢ :
M = R% ie., M is diffecomorphic to RY. Letting
W = ¢(Y) € R? denote the dimension-reduced rep-
resentation of Y, assuming that Xy is invertible, we
can reformulate partially linear CCA in terms of W
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rather than Y, using the function §:R? - R? in place
of g:R? - R%:

d
2
maximize E|g(W)o X |, 6
 maxi TeRM; [9:(W)e] X] (6)
Egw)=ErTx=la
The equivalence of such formulations follows from the
invertibility of ¢. A solution g to problem (2) is then
obtained by setting g = g o ¢.

Invertibility of g then follows from invertibility of g.
Note that a stricter notion of invertibility can now be
adopted, since g maps between spaces of the same di-
mension. Here, we denote this constraint set C as Cnp,
in anticipation of our proposed two-stage approach
based on normalizing flows.

We recall that a function f : K — R? is called
bi-Lipschitz with parameters (m, M) if it satisfies
mlz—yly < 1F(@) = F(W)ly < Mz —yl, for all a,y e
K. With C = Cyr, we establish an existence result for
the PLiCCA problem analogous to Theorem 3.1.

Theorem 3.2 Suppose Xx is invertible, and that
supp(W) ¢ K, where K is a compact subset of RY.
Fiz constants M, m > 0. If C is chosen as

Cne={G: K >R:E[G(W)]=0,7 is
bi-Lipschitz with parameters (m, M)},
then there exists a solution (g,T) to the problem
d
maximize E|g;(W)0TX
GRISRY, Te]Rdeizzl [g( ) ! ]

Egw)y=2prx=la
geCNF

2
9

(7)

where, as before, 8; € RP denotes the ith column of
T e RP*,

Remark 2 In Theorems 3.2 and 3.1, we assume that
the random vector of interest has compact support.
This assumption simplifies the proof, allowing us to
appeal to the simplest form of the Arzela—Ascoli theo-
rem (Rudin, 1976), but the statements still hold in the
non-compact case by imposing a vanishing-at-infinity-
type assumption; see Theorem 5 of Krukowski (2018).

When Y has a known manifold structure, such as pos-
itive definite matrices (Kim et al., 2014; Buenfil and
Lila, 2024) or probability densities (Cho et al., 2022),
a (global) logarithmic map may be used in place of
¢. Hence, the model in equation (7) provides a natu-
ral approach to incorporate the underlying geometry.
When the manifold structure is not known, a two-stage
approach to PLICCA may be used instead. First, one
learns an unsupervised latent representation W e R of
Y through an approximation of the form Y = ¢)(W)+e,
or uses a pretrained model for this step. Next, one
solves the nonlinear problem in equation (7).

3.5 Connection to regression models

We have now defined the population problem of inter-
est. To establish the connection between PLICCA and
conditional latent variable models such as VAEs and
normalizing flows, we first relate PLICCA to a nonlin-
ear regression. We adopt the following notation: for
A, B e R¥ that are positive semidefinite, we write
A < B to denote the Loewner ordering, meaning that
B - A is positive semidefinite. If C is a set of functions,
then for a > 0 we define aC = {af : f € C}. In Theorem
3.3, C can refer to either Cyag or CnF.

Theorem 3.3 Finding a pair (g,T) that solves the
PLiCCA problem

d
2
maximize Elg. (YT X 8
gRI-R?, TGR”Xd; [gl( )0 ] ’ (8)
Lgv)y=Errx=Ia
gea™Y?C

where 0; € RP denotes the ith column of T, is equiva-
lent to finding a pair (¢', B) that solves the regression
problem

minimize
g"RI>RY, BeRP*4
g’eC,Zgz(Y)zaId

E[ly)-8'X[5].  ©

for any a > 0.

Furthermore, we have the following relationship be-
tween (¢',B) and (g,T): if HA2HT is an eigende-
composition of

-1/2 -1/2
> BTExBY 2 (10)

where H € R™? s orthogonal and A is diagonal, then

letting H = Z;,l(/é)f[, we have
T=BHA™ (11)
g(y) = H'g'(y). (12)

Theorem 3.3 can also be understood as a generaliza-
tion of results in Wang and Zhou (2021); Buenfil and
Lila (2024), which apply only to the linear case. While
it is well known that CCA has a regression formula-
tion (see Lyu et al. (2022), for example), here we ad-
ditionally leverage the fact that one side of PLICCA
is linear, which results in an optimization over the
unconstrained regression matrix B rather than the
constrained canonical vectors 7. Furthermore, this
result shows that there is no need to enforce the
strict, and typically computationally expensive con-
straint ¥,(y) = I during optimization (Andrew et al.,
2013; Friedlander and Wolf, 2023), since the whitening
matrix H can correct for this after the regression. In-
tuitively, the equality constraint X yy = I4 has been
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replaced by the lower bound X /(yy > aly, which pre-
vents the collapse of ¢’ to 0 when solving the regression
problem. We further explore relaxing this constraint
in the following section. The scaling constant a is in-
troduced for convenience in later results, particularly
those in Section 4.4.

4 METHODOLOGY

Next, we introduce the two conditional latent vari-
able models underlying conditional VAEs (Sohn et al.,
2015; Harvey et al., 2022; Khemakhem et al., 2020)
and conditional normalizing flows (NFs) (Papamakar-
ios et al., 2017; Winkler et al., 2019). We use these
models to develop two practical implementations of
PLiCCA: PLiCCA-VAE and PLiCCA-NF.

4.1 PLiCCA-VAE

Let Z € R? be a latent random variable. A standard
derivation (see Section F') shows that, if we specify our
model as

Y|Z, X ~N(f(2),1,) (13)
Z|X ~N(B"X,14), (14)
and we model q(z|y) as N (g(y), 1), then maximizing

the evidence lower bound for the likelihood is equiva-
lent to minimizing

minimize
g:R?I—-Rd BeRp*d

AaBE gy [IY - £(2) 3] (16)

E[|g(v)-B"X];] (15)

Here, the outer expectation is taken with respect to the
observed variables (X,Y"), and we have added a tuning
hyperparameter Ayag to the objective function, as is
common in practice, to allow more flexible balancing
of the two terms. This formulation may be viewed as
an implementation of a conditional VAE.

From the PLiCCA characterization in Theorem 3.3,
it is clear that the conditional VAE objective intro-
duced resembles the PLICCA regression objective in
(9) when C = Cyag and such constraint is enforced
through a Lagrangian relaxation. In Section 4.2, we
make this connection precise. This observation moti-
vates our proposed methodology: rather than solving
(9) directly, we solve the simpler proxy problem in
equations (15)—(16), and then use the resulting (g, B)
in place of the analogous quantities in equation (9) to
compute the canonical directions via equations (10)—
(12). We refer to this approach as PLICCA-VAE.

Note that the conditional VAE introduced here is the
vanilla version, which allows for a more thorough the-
oretical analysis. In practice, however, more flexible

distributions for ¢(z|y) can be used, for example by
allowing Yy |z x (2) and Xy (y) to vary with their in-
puts. We also note that the encoder g is taken to de-
pend only on Y, and not on the conditioning variable
X. This is intentional, since once the supervised repre-
sentation model has been learned, the representation
can be computed for new observations of the target
view without requiring the associated auxiliary-view
data.

In practice, we estimate the expectations in our
proxy problem in equations (15)—(16) using the sample
(Xk, Y3)Y.,. To aid interpretability, we augment the
objective function with a sparsity-inducing group lasso
penalty As X%_, [b;], (Yuan and Lin, 2006), where b,
denotes the jth row of B, corresponding to covariate
X;. The regularization strength is controlled by the
parameter A;. We optimize the resulting objective us-
ing proximal gradient descent, which is convenient be-
cause the proximal operator of Z?zl |b; ], has a closed-
form solution (see, for instance, Section 6.5.4 of Parikh
et al. (2014) for a derivation and Murray et al. (2019)
for an implementation). After obtaining estimates g,
B , we estimate ¥,y and Xy via their sample covari-
ances.

Then, as suggested by Theorem 3.3, we compute the
canonical directions for X and Y by solving equations
(10)-(12), using §, B and empirical covariance matri-
ces in place of their population counterparts. The full
PLiCCA-VAE algorithm is given in Algorithm 1.

Note that if the latent dimension of the VAE is mis-
specified, some latent variables g;(Y") may collapse to 0
(Zheng et al., 2022; Bonheme and Grzes, 2023). Hence,
we recommend inspecting ig(y) for latent coordinates
i such that Var (g, (Y)) is approximately 0, and remove
the corresponding variables from B, g, and f]g(y).

Our approach offers several advantages over existing
methods. It avoids the need to estimate X3}, and it
does not require the enforcement of the global whiten-
ing constraint %, (y) = Iy throughout optimization, en-
abling the use of standard batch gradient descent. The
group sparsity imposed on B carries over directly to
T since T =B (H A‘l), retaining the variable selection
induced by the group lasso penalty. If B is zero, i.e.,
there is no association between Y and X, the method
reduces to a standard unsupervised VAE. Finally, the
resulting 7" and § automatically satisfy the correct dis-
entanglement orthogonality conditions.

4.2 Connection between PLIiCCA and
conditional VAEs

Next, we elucidate the connection between PLICCA’s
objective function and the proxy conditional VAE ob-



James Buenfil, Eardi Lila

Algorithm 1 PLiCCA-VAE
Input: Pairs (Y4, X¢)k-1,... v, comprising target and
auziliary data views; latent space dimension d.

1. Solve the sample version of the condi-
tional VAE (15)—(16), augmented with the penalty
As 221 10]l,-

Obtain the estimated encoder g, decoder f, and
sparse regression matrix B.

2. Estimate Y4(y) and Xy via their sample covari-
ance matrices f)g(y) and Sx.

3. Inspect ig(y) for latent coordinates ¢ such that
YAar (g:(Y)) ~ 0, and discard them from B, §, and
2g(v)- o

4. Compute the eigendecomposition HA2HT of
S-1/2 ATS Ho-1/2

£, BTExBE

5. Compute H = ZA];(%/E)I?

6. Compute the estimated canonical vectors for X
as T'= BHA™.

7. With a slight abuse of notation, replace g(y) by
its normalized version: §(y) = H™j(y).

jective. We begin with the natural regression problem
(9) that Theorem 3.3 suggests solving under the con-
straint set C = Cyag:
minimize  E[[g(Y) - B'X];] (17)
g:]Rq—>]Rd, f:]RdaRq 2
BeRP*? | 3 (yyzaly

+E[|Y - feOI3], (18)

We aim to show how the conditional VAE objec-
tive, (15)—(16), can be viewed as a relaxation of this
PLiCCA regression problem.

The regression terms in equations (15) and (17),
respectively, are identical. = Hence, we focus on
the second term of the conditional VAE objective,

E [Eq(zly) [HY - f(2) Hg]] Using a form of the approx-
imating posterior distribution ¢(z2|Y") = N (g(Y), I4),
this term can be rewritten as

E[E[IY - £ (9() +2)I3]], (19)

where ¢ ~ N(0,1;). Thus, the VAE reconstruction
term is a noisy version of the PLiCCA reconstruction
term (18). More interestingly, the injected noise also
encourages the constraint X,y > aly.

We first provide some intuition and then state our for-
mal result. From equation (19), if the decoder f relies
on the ith coordinate g;(Y) to reconstruct Y, then
the variance of ¢;(Y) cannot be much smaller than
1, the variance of the noise term ¢;, for the signal to
be distinguishable from noise. However, depending on

the choice of d, the dimension of the latent space, the
VAE may ignore certain latent dimensions by setting
gi(y) =0 for all y and having the decoder f disregard
its ith component. This phenomenon is closely related
to the distinction between active and inactive latent
dimensions in (conditional) VAEs (Zheng et al., 2022;
Bonheme and Grzes, 2023). Of course, if g;(y) =0 for
any ¢ then X,y will have a 0 eigenvalue. Therefore,
the conditional VAE does not, and should not, strictly
enforce the constraint ¥,y > aly, since it should re-
main free to represent Y using only as many latent
dimensions as needed. For this reason, in practice,
we inspect and drop inactive latent dimensions when
applying Theorem 3.3.

Although the conditional VAE does not enforce
Yg(vy z aly, it does enforce a weaker constraint: a
lower bound on tr(¥,(yy). In line with our prior intu-
ition, this lower bound depends exactly on the quality
of reconstruction achieved by g and f and on the mag-
nitude of the noise in ¢(z|Y"). Formally, we have the
following result.

Theorem 4.1 Fiz positive constants § and o2,.. Sup-
pose g and f are such that the reconstruction error

E[Eq(z|y)[\|Y—f(z)\|§H < 0, and suppose that we
model q(2ly) = N (9(y), 02nc1a). Then,

tr (Eg(y)) >0 C(90), (20)

enc

where C(8) is decreasing in § and is defined as C(0) =
d(e%RY(‘S) - 1). We refer to equation (107), the rate-
distortion function of Y, for the form of Ry (), which
depends on the distribution of Y.

Remark 3 For ¢6; = E[HY—IE[Y]“?], we  have
Ry (61) = 0. Thus, the lower bound C(J) in (20)
reduces to 0. This reflects the fact that if the target
reconstruction error § exceeds the variance of Y, no
active dimensions g;(Y') are required: the decoder can
simply be taken as the constant map f(z) =E[Y]. For

0o = 0, i.e., perfect reconstruction, we have Ry (dg) =
H(Y), the entropy of Y.

When using the conditional VAE as a proxy for
PLiCCA, with the constraint X,y > aly relaxed, a

concern is that the regression term E [Hg(Y) -B™X Hg]
could drive g toward the zero solution. Theorem 4.1
says that if Ayag is chosen sufficiently large, corre-
sponding to a sufficiently small §, then this collapse
can be avoided. Although this paper focuses on con-
ditional VAEs, the result also holds for unconditional
VAESs; this formalizes the intuition of adding noise to
any autoencoder’s latent space to prevent its latent
representation from becoming arbitrarily close to 0,
thereby stabilizing training.
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4.2.1 Moving beyond isotropic noise

In Theorem 4.1, we model the posterior uncertainty
as 02, 1q instead of the more general form ¥y (Y),
which depends on the data Y. We adopt this simpli-
fication because it yields an intuitive interpretation:
the lower bound depends only on the magnitude of the
encoder error, captured by the single parameter o2,
and the reconstruction error §. However, this result
generalizes to the case of a data-dependent X4y (Y').
Due to space constraints, we defer the details of this
generalization to Section F.3.

4.3 PLiCCA-NF

In this section, we introduce an alternative implemen-
tation of PLICCA based on solving a proxy conditional
normalizing flow (NF) problem. This is a two-stage ap-
proach, as defined in Section 3.4. We therefore assume
access to an a priori dimension-reduced representation
W e RY of Y such that Y = (W) + ¢, together with
an encoder ¢ : R? - R, trained, for instance, using
an unsupervised VAE. Introducing a latent variable
Z € R4, a standard derivation (see Section G.1) shows
that if we specify the model

Z|IX ~N(B"X,14), (21)
then maximizing the likelihood is equivalent to solving

L ] i
Jainimize B [||9(W) -B X||2]

~Anr E [In|det (J;(W))[],

where we have added a tuning parameter Ay, and
J5(w) denotes the Jacobian matrix of a smooth func-
tion g evaluated at w. We refer to the minimiza-
tion problem above as the NF problem, because its
objective contains the Jacobian log-determinant term
arising from the change-of-variables formula, which is
characteristic of NF models and which they can han-
dle efficiently (see e.g. Kobyzev et al. (2020) for an
introduction).

In analogy with PLiICCA-VAE, we propose estimat-
ing § and B from the proxy NF problem. Next, we
estimate the remaining model quantities according to
Theorem 3.3, using equations (10)—(12). We define
the final encoder as g = g o ¢ and the final decoder
as f =1 og . We refer to this implementation of
PLiCCA as PLiCCA-NF.

In what follows, we assume that W, the latent repre-
sentation of Y, is isotropic Gaussian. This choice is
not critical and only serves to simplify the statements
of the results; see Section G.5 for more details.

4.4 Connection between PLiCCA and
conditional NFs

To elucidate the connection between PLiICCA and the
conditional NF objective, we begin with the natural
regression problem suggested by Theorem 3.3 with C =
CNF5
minimize
g:Rda]Rd,gecNF
BeRP*, B yyzalq

E[lsw)-B'X[;].  (22)

Next, we introduce a proxy problem, namely the con-
ditional NF problem in its constrained form:
2
minimize  E[|g(W)-B'X[;],  (23)
GeCnr , BeRP*4
E[In|det(.J5 (W))|]2b

for some constant b € R. The NF problem we employ
in practice corresponds to the Lagrangian form of (23).

The objective in both problems is identical. Although
the constraint E [In|det (J5(W))|] > b does not at first
appear closely related to the constraint in the regres-
sion problem (22), we show that, analogously to the re-
construction term in the conditional VAE, it is closely
related to the constraint ;) > aly. The following
results make this connection precise.

Theorem 4.2 Fiz a>0. If g € Cyr, then
Siwy z aly = E[In|det (J3(W))[] 2 b(a), (24)

where b(a) = 1n(a) - C and C is a constant that de-
pends on the bi-Lipschitz constants of Cnr, as well as
the Hessian matrices of the coordinates g; of g. See
equation (181) for the full expression of C.

Using Theorem 4.2, we can view the NF problem (23)
as a relaxation of the regression problem (9). More-
over, since Theorem 3.3 shows that the regression and
PLiCCA problems are equivalent, we have the follow-
ing corollary.

Corollary 4.1 Fiz a>0. The PLiCCA problem,

d
2
maximize Elg;(Y)0] X 25
gRISRY, TGR”Xd; [gz( )b ] ’ (25)
Yovy=Errx=la
g€a71/2CNF

admits as a relaxation the NF problem
minimize — E[|a(W)-B"X[;].  (26)
§eCnr, BeRP*4

E[ln|det(J5(W))[]=b(a)

Remark 4 In the definition of Cnw, one could explic-
itly impose an upper bound on a matriz norm of the
Hessian of the coordinates of g € Cnr as an explicit
constraint, but we elect not to, in order to simplify the
presentation.
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In the next theorem, Theorem 4.3, we establish that
a geometric variant of the PLiICCA objective, which
maximizes a geometric rather than an arithmetic mean
of the canonical correlations, can be viewed as a relax-
ation of the NF problem. We first state an auxiliary
lemma.

Lemma 4.1 If g € Cny, then

E [In|det (J3(W))[] 2 b = det (Z50m) > c(b).
(27)
where ¢(b) = €.

The following theorem can be proved using Lemma
4.1.

Theorem 4.3 The NF problem,

minimize  E[[g(W) - B'X[;],  (28)
§eCnr, BeRP*4
E[In|det (J;(W))[]2b

admits as a relazation the “geometric PLiCCA” prob-

lem
1/d

d
sup ( h(m) @)
GRI-R?, TeRP*4 \i=1

Swy=Srrx=1a

gec(b) ™ *Cur

where h(z) = 25, p; = E[5:;(W)0] X], and 0; € R?

)

denotes the ith column of T'.

Remark 5 We can sanity check the results by apply-
ing Theorem 4.2 and Lemma 4.1 in sequence. We
have that det (Z5w)) > c(b(a)) = a®e.  Since
Y5(W) = aly implies det (S5(W)) > a?, the constant
C' is the only source of non-tightness in these inequal-
1ties.

Together, Corollary 4.1 and Theorem 4.3 show that,
from an optimization perspective, the NF problem is
sandwiched between two variants of the PLiCCA prob-
lem: the standard PLiCCA problem and the geometric
PLiCCA problem. This provides theoretical justifica-
tion for using the NF problem as a proxy for PLiCCA.

5 DATA ANALYSIS

We apply PLiCCA to data from 700 subjects from
the Human Connectome Project (Van Essen et al.,
2013) for training and 303 subjects for validation.
For each subject, functional connectivity from resting-
state fMRI is represented as a 68 x 68 covariance ma-
trix capturing the temporal correlations among sig-
nals from 68 regions of interest defined by the De-
sikan-Killiany atlas (Desikan et al., 2006). Standard
fMRI preprocessing was applied (Glasser et al., 2013).

We vectorize the upper triangular part of each covari-
ance matrix to obtain a 2346-dimensional feature vec-
tor, which we treat as the target view.

For each subject, we also observe auxiliary variables,
including demographic, psychometric, and behavioral
features, represented as a 150-dimensional vector that
serves as the auxiliary view. Results for PLiICCA-VAE
are shown in Figure 1, where we show the first coordi-
nate of the learned latent representation, namely the
one most strongly linearly associated with the auxil-
iary variables. Results reveal a behavioural positive-
negative mode of variation, in line with prior find-
ings in the literature (Smith et al., 2015). Details
on training and the choice of architecture are deferred
to the appendix. Comparisons of PLICCA-VAE and
PLICCA-NF with several alternative approaches are
also deferred to Section B, which also includes experi-
ments using cortical thickness as the target view.

Additionally, in Section A, we validate the proposed
approaches and provide a comparison with related
methods on synthetic datasets of images of rings.

6 DISCUSSION

In this work, we introduce PLiCCA, a correlation-
based approach to supervised disentanglement.
PLiCCA also provides a tool for exploring the depen-
dence structure between two data views. We establish
theoretical results for the population formulation and
show a nontrivial connection to conditional latent
variable models, which enables efficient computation.
Finally, we evaluate our approach on synthetic
and neuroimaging data and show that it performs
favorably relative to alternative models.

PLiCCA models the posterior of the latent variables
as q(z | y) rather than ¢(z | y,x), a choice related
to posterior collapse in the conditional VAE literature
(Zhou et al., 2023). This restriction is essential to our
notion of supervised disentanglement, since it yields
latent representations U = g(Y") that are only a func-
tion of Y, but where g is nevertheless informed by X.
An interesting future direction is to define an extended
notion of supervised disentanglement that allows mod-
eling the posterior as ¢(z | y,2): a step in this direction
is the work of Kim et al. (2023), where the posterior
is modeled as a mixture of ¢(z | y,z) and q(z | y).
We hope that PLICCA will provide a foundation for
future theoretical, methodological, and applied devel-
opments.
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Supplementary Materials

A Simulations

In order to validate the proposed approaches, we provide a comparison with related methods on synthetic
datasets. We take inspiration from the rings and discs example of Chadebec and Allassonniere (2022) and
generate datasets of greyscale images of rings. The images are 20 x 20 pixels and represent the target data view,
referred to as Y. Along with Y we generate an auxiliary data view X € R?, a higher-dimensional random vector
which is correlated with the image Y’s latent parameters. The goal of the approaches we compare is to produce
a low-dimensional latent representation of Y, U = g(Y'), which can be interpreted via its correlation with X.
Specifically, we solve the PLiCCA problem defined in (2), which we restate here for convenience:
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Figure 2: Examples of generated synthetic rings.

In order to construct a dataset where such structure exists, we begin not with images Y but with a simpler
representation A which we generate jointly with X, where by construction A and X are correlated. We then
map A to Y via a nonlinear map Y = ¢(A), so that in the end we obtain (Y, X) with the desired nonlinear
correlation structure.

Concretely, we sample N = 300 (A;,X;) ii.d. pairs, where 4; € R* determines the parameters of the ring
image Y, and X € RP for p = 30 represents the auxiliary data. The rings are parameterized by four parameters,
r1 =“radius of the hole,” ro =“width of the ring,” r3 =“contrast,” which scales the images by a constant, effectively
decreasing or increasing the contrast of the image, and r4 =“ellipticity,” compressing the ring along the z-axis.
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These parameters are contained in A;, up to an affine transformation. The joint distribution of (A4, X)) is Gaussian
with ¥4 = Iy, ¥x = I,,, and cross covariance matrix X 4x = 34 (71m10] + Y2120 ) L x chosen so that the canonical
vectors and canonical correlations between A and X are determined: 77 = (0,0,1,0)7, ne = (0,0,0,1) are the
canonical vectors for A, 6; = (0,0,1,0,...0)7,05 = (0,0,0,1,...0) € R? are the canonical vectors for X, and the
canonical correlations for each pair, respectively, are set to 73 = 0.9 and 2 = 0.7 (see equation (3) of Chen
et al. (2013)). The canonical variable pairs are then (U; = A3,V = X3) and (U = Ay, Vo = Xy). This choice of
canonical vectors means that X is mostly filled with noise which is uncorrelated with A, except through X3 and
X4, which are correlated with Az and Ay respectively. Thus, we have selected r3 = contrast and r4 = ellipticity
as the dimensions along which changes in their values correspond to changes in X3 and Xj.

We rescale A and call this vector Z, so that the parameters are physically realistic: Z; € [0.1,0.5], Z5 € [0.1,0.5],
Z3€[0.3,1.0], Z4 €[0.7,1.3]. Z is used to construct the ring grey-scale images, which we flatten into ¢ = 20x20 =
400 dimensional vectors, Y; € R?. Before applying the scaling via the contrast parameter, a grey-scale value of
1 represents the ring, while a grey-scale value of 0 represents the background. After scaling by the contrast
parameter, i.i.d. Gaussian noise with standard deviation 0.003 is added to the pixel values to make the problem
more difficult. We view the process of mapping A to Z and subsequently to Y as defining a nonlinear process
¢:R* > RY so that Y = @(A), which the methods must invert, via their encoders, in order to recover A and find
its correlation with X. Examples of generated rings are shown in Figure 2.

The goal of each method is thus to construct canonical variable pairs (Uy, V1) and (Us, Va), identifying contrast
and ellipticity (rs and r4) as the first two latent coordinates of U, and associating them with X3 and X, via V.
In a real-world setting, we would not know in advance what the true U; and U; represent, and would rely on
the V;, linear combinations of X, to interpret the meaning of the disentangled representation of Y, U. Thus, the
objective is to learn latent representations for Y, while leveraging the dataset X to guide these representations.

We validate our proposed method against several alternatives, including DCCA, DCCA-NOI, DCCA-SDL, DC-
CAE, and DVCCA (Andrew et al., 2013; Wang et al., 2015b; Chang et al., 2018; Wang et al., 2015a, 2016). We
use the cca-zoo package in implementing these alternatives (Chapman and Wang, 2021).

In order to compare the methods of interest, each method is run on the same number of num_trials = 20
i.i.d. datasets, generated as described above. In Table 1 we show the results, where we compute the out-
of-sample correlation (sum of the first two canonical correlations) and reconstruction errors on a validation
set of size N_val = 2500. Having emphasized the importance of invertibility for interpretability, we include
reconstruction error as a proxy for invertibility for the applicable methods (some of the methods we compare are
not invertible). For all methods, hyperparameters are chosen via K-fold cross validation, with K = 4 or 5. Each
method is run for 20000 epochs with a batch size of 50, at which point the in-sample loss has effectively stopped
decreasing. Each method uses a d = 4 dimensional latent space, the known latent dimension of the image dataset.
Our proposed approaches, PLICCA-VAE and PLiCCA-NF, appear to outperform competing approaches.

Method Validation correlation Validation reconstruction error
DCCA 0.680 (0.033) -

DCCA-NOI 0.680 (0.037) -

DCCA-SDL 0.350 (0.031) —

DCCAE 0.040 (0.009) 0.02297 (0.00047)
DVCCA 0.151 (0.021) 0.10463 (0.00652)
PLiCCA-VAE 0.959 (0.024) 0.00796 (0.00017)
PLiCCA-NF 0.898 (0.033) 0.00794 (0.00012)

Table 1: Comparison of methods by validation correlation and validation reconstruction error. Standard devi-
ations over the trials are included. A hyphen indicates that the method does not reconstruct the target view,
and therefore reconstruction error cannot be computed.

All deep approaches use the same encoder (and decoder when applicable) architectures, 3 layer feed-forward
networks with ReLu nonlinearities, of sizes (g,40,20,d), with symmetric decoders. Notably, for the decoders,
their last layer for YV is fed into a sigmoid, reflecting the structure of the underlying image data (grey-scale
between 0 and 1). Methods that allow transformations of the auxiliary variables are constrained to be linear.

In training PLICCA-NF, for every trial we first train an unsupervised VAE with the same architectures to
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produce a latent representation of Y of dimension 4, and subsequently train the PLiCCA-NF model for 5000
epochs with a batch size of 50. We use a 4-dimensional normalizing flow with a single affine coupling block,
parameterized by a small MLP (input 2, one hidden layer of 4 units, output 2), followed by a swap permutation,
with a diagonal Gaussian base distribution Dinh et al. (2017). We construct the NF model by modifying the
real NVP model provided by the normflows package of Stimper et al. (2023). We use a lightweight architecture
to avoid overfitting, as NF's are very expressive.

Original Image Reconstructed Image

Original Image Reconstructed Image

Original Image Reconstructed Image

Figure 3: Typical in-sample reconstructions of rings, which were consistent across the methods that performed
reconstructions.

Of the methods that performed reconstructions, we found that they were generally successful in reconstructing
the noisy images. We show typical reconstructions in Figure 3.

In order to validate PLICCA-VAE’s learned latent embedding ¢g(Y"), we examine its latent traversals. For a given
ring’s embedding coordinates (U, Uz ), we can perturb one coordinate linearly, keeping the other coordinate fixed,
and map these perturbations through the decoder to define a nonlinear trajectory in the space of the target view.
We can also examine the associated signatures 6; and 0. These are shown in Figure 4.

B Data analysis

In the context of our application to the Human Connectome Project (HCP), we validate our proposed method
against several alternatives, including DCCA, DCCA-NOI, DCCA-SDL, DCCAE, and DVCCA. To this end,
we run two validation studies, each using a different imaging modality: cortical thickness and resting-state
functional connectivity. Functional connectivity was computed from resting-state fMRI images preprocessed
using the minimal preprocessing HCP pipeline (Glasser et al., 2013), including spatial artifact and distortion
removal, as well as mapping onto a common reference template (Smith et al., 2013). We define 68 spatially
localized regions of interest (ROIs) using the Desikan—Killiany atlas (Desikan et al., 2006). We then use the
fMRI time series to compute a “functional fingerprint” representation: a 68 x 68 covariance matrix that captures
the temporal correlation between the fMRI signals of any two ROIs. We subtract the mean connectivity matrix
from each subject-specific matrix and show three examples of the resulting matrices in Figure 1. We then
vectorize the upper triangular part of each connectivity matrix, yielding a vector y; of dimension 2346 for each
subject. These are treated as the target view. For each subject, we also observe auxiliary variables, including
demographic, psychometric, and behavioral features, represented as a 170-dimensional vector that is used as the
auxiliary view. For the results shown in Figure 1, we treat 20 of these as confounders (those identified in Smith
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Figure 4: On the left-hand side: the upper plot shows latent traversals of Uy, while the lower plot shows the
associated signature 67, for a typical run of PLICCA-VAE. The right-hand side shows the analogous plots of latent
traversals of Us and signature 6. The unlabeled plot axes (indices 5 through p) in the lower plots correspond
to uninformative X features. We see that PLiCCA has successfully learned that the contrast of the image r3 is
correlated with X3, and that the ellipticity of the ring r4 is correlated with X,4. In practice, without the ground
truth, we can use these latent traversals and the associated signatures 6; to interpret the learned embedding

g(¥).

et al. (2015)) and regress them out from the remaining 150 variables, which become our new zj. However, for
the Monte Carlo study shown here, all 170 variables are treated as auxiliary variables, and no step to account
for confounding is performed.

A second validation study is conducted by replacing connectivity with cortical thickness. For each subject k,
cortical thickness derived from MRI is represented by a 32K-dimensional vector yj, corresponding to measure-
ments at 32K locations on the cortical surface (see Glasser et al. (2013) for preprocessing details). To account
for spatial structure, we expand the cortical thickness data in the basis of the Laplacian of a template cortical
surface and keep 1024 coefficients.

We use the same encoder—decoder architecture for all methods that involve a VAE component. For the connec-
tivity data, we employ an MLP with 2346 input features, a single hidden layer of size 256, and a latent output
dimension of 128. We use SELU activation functions. A similar architecture is used for the thickness data, with
an MLP that takes 1024 input features, has a single hidden layer of size 256, and outputs a 128-dimensional
latent representation. The decoder is chosen to be symmetric with respect to the encoder. The log-variance
encoder is a two-layer MLP: it maps the input to 256 hidden units, applies a SELU activation, and then projects
to a 128-dimensional output. A final Hardtanh is used to bound the log-variance values to the interval [-6,2].

Methods that include transformations of the auxiliary variables have such a transformation constrained to be
linear. DCCA, when applied to the thickness data, failed to provide a solution because of numerical non-
invertibility issues. We therefore reduced the number of latent variables until the problem was resolved. As a
result, DCCA was trained using only 8 latent features for the cortical thickness data.

Finally, the proposed PLiCCA-NF, which requires a dimension-reduced representation as input, was trained
on embeddings obtained from an unsupervised VAE with the same architecture described above and a 128-
dimensional latent space. We used a 128-dimensional normalizing flow with six affine coupling blocks, each
parameterized by a small MLP (input 64, two hidden layers of 16 units, output 128), alternating with swap
permutations. Using a small MLP architecture for the coupling networks was essential to prevent numerical
instabilities during training. All methods were trained for 200 epochs using a learning rate of 1073. The cca-zoo
implementation was used to run the competing methods. Note that because some subjects are genetically related
(e.g., siblings or twins), we first partitioned the dataset into two subsets of maximally unrelated individuals (700
subjects for training and 303 for validation). We then repeatedly subsampled 4/5 of the training set at random
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Table 2: Comparison of methods for cortical thickness and functional connectivity in terms of total correlation
and reconstruction error. Total correlation denotes the sum of the pairwise correlations among the first 10
identified canonical directions. Standard deviations across trials are reported in parentheses. A hyphen indicates
that the method does not reconstruct the target view, and therefore reconstruction error cannot be computed.

Cortical thickness

Method Total correlation Reconstruction error
DCCA 0.5500 (0.0951) —
DCCA-NOI 0.5793 (0.1560) -
DCCA-SDL 0.6149 (0.0902) -

DCCAE 0.8319 (0.0296) 0.2038 (0.0104)
DVCCA 0.8823 (0.0538) 0.8028 (0.1475)
PLiCCA-VAE 1.1195 (0.1507) 0.1489 (0.0013)
PLiCCA-NF 0.9536 (0.1329) 0.1753 (0.0508)

Functional connectivity

Method Total correlation Reconstruction error
DCCA 1.6879 (0.0971) -
DCCA-NOI 0.1933 (0.0855) -
DCCA-SDL 1.8628 (0.0396) -
DCCAE 0.9466 (0.0879) 0.000251 (0.000009)
DVCCA 0.9912 (0.1294) 0.015607 (0.008683)
PLiCCA-VAE 1.1440 (0.1822) 0.000538 (0.000116)
PLiCCA-NF 1.0753 (0.2969) 0.000458 (0.000008)

and re-evaluated the model. This procedure should mitigate potential spillover effects due to genetic relatedness.

We show the results in Table 2. Among the approaches that guarantee invertibility (and are therefore inter-
pretable), our proposed PLICCA-VAE performs best for both imaging modalities (Thickness and Connectivity),
both in terms of the primary metric—out-of-sample correlation with the identified features of X—and recon-
struction error. For functional connectivity, DCCA and DCCA-SDL yield higher correlations. However, these
approaches do not aim to provide invertible representations of the data and therefore do not solve the supervised
disentanglement problem. Instead, they only aim to learn features that are correlated with linear combinations
of X and therefore can encode more information into the first few learned components.

C Additional related works

Our approach is more closely related to Gundersen et al. (2019), who propose learning nonlinear latent repre-
sentations of each view by maximizing the likelihood of a linear probabilistic CCA model, rather than explicitly
maximizing correlation. Zhang et al. (2023) propose a related idea that applies classical CCA to learned latent
representations, although their approach is more specialized to audio/visual applications. However, neither work
provides a formal theoretical treatment of the underlying model.

There is a large body of work on CCA-inspired approaches to solving the multi-view data problem, a problem
related to but distinct from supervised disentanglement (Guo et al., 2019; Lee and Pavlovic, 2021; Aguila and
Altmann, 2024). The general goal in multi-view learning is to find shared structure between two (or more) data
views, often in the form of a learned shared subspace that embeds the views simultaneously. A large subset of
these approaches relies on latent variable models (Wang et al., 2016; He et al., 2020; Karami and Schuurmans,
2021; Qiu et al., 2022; Lyu et al., 2022; Senellart et al., 2023). Superficially, these approaches appear closely
related to ours in that they combine CCA with latent variable models, but there are two major differences. First,
these approaches primarily aim to solve the multi-view data problem, which is related to but distinct from the
supervised disentanglement problem, as they learn shared embeddings of the views simultaneously. Second, they
are typically inspired by CCA but lack a theoretically justified connection to the CCA formulation. Deterministic
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extensions of nonlinear CCA for solving the multi-view data problem include methods surveyed in Guo and Wu
(2019); see Karakasis and Sidiropoulos (2023) for a more recent approach.

There is also a recent line of work relating conditional latent variable models to independent component anal-
ysis (ICA), enabling the application of ICA to disentanglement problems (see, e.g., Khemakhem et al., 2020;
Hyvérinen et al., 2023; Zheng et al., 2025, and references therein). Our approach is related in that we also lever-
age the connection between conditional latent variable models and a component analysis problem. However, we
advocate the use of CCA to provide more interpretable embeddings. The work of Basile et al. (2025) defines a
notion of nonlinear correlation between manifolds, while the work of Lederman and Talmon (2018) nonlinearly
constructs a common latent manifold for two data views via diffusion maps, and are thus tangentially related to
our own.

D Background on non-invertible nonlinear CCA and partially linear CCA

In this section we provide background on both the (non-invertible) nonlinear and partially linear CCA problems.
We are given two observed random vectors X € RP and Y € R?, which without loss of generality we suppose each
have mean 0. We define the function classes of interest, the square-integrable functions with respect to Y and
X:

Ly (RI,RY) = {g:RI > R*:E[g(Y)]=0and Vi=1,...d, E[g;(Y)?] < 00},
LXx(RP,RY) ={f:R? > R":E[f(X)]=0and Vi=1,...d, E[f;(X)?] < oo}

Then, the nonlinear, or nonparametric CCA problem, is defined as

d
maximize Elg;(Y)f:(X)]. 31
geLQY(RW)’feL%((RPRd); [9:(Y) fi(X)] (31)
Zg(vy=Ep(x)=la

It has been shown (Breiman and Friedman, 1985; Michaeli et al., 2016) that the nonparametric CCA problem
is equivalent to finding the singular value decomposition (SVD) of an operator Sis between L3 (RP,R) and
L%,(Rq7 R), sometimes referred to as the conditional mean operator (Mehta and Harchaoui, 2025). This operator
is, in general, not compact, and thus the existence of a SVD (and thus a solution to the problem) depends on
the dependence structure between X and Y.

The partially linear canonical correlation analysis (PLCCA) problem, (not to be confused with the invertible
version of this problem which we propose in this paper, PLICCA) coined by Michaeli et al. (2016), is defined as
follows:
d
maximize Elg:(Y)0]X], 32
geL3 (R9,RY), TGR”X‘I; [g ) ] (82)
Eg(v)=ErTx=ld

where 6; € RP is the ith column of T € RP*¢. We remark that we have altered the formulation in Michaeli et al.
(2016) by imposing the constraint that E[g(Y)] =0 and E[f(X)] = 0; this only has the effect of eliminating the
first trivial canonical variable solution fi(x) = g1(y) = 1, and removing the first trivial singular value of S15 (see
Michaeli et al. (2016) for more details).

PLCCA is a special case of the more general nonparametric CCA problem, and as such, it is also equivalent to an
SVD problem. However, in PLCCA, due to the additional constraint that the functions in Lg( must be linear, Lg(
becomes a finite-dimensional space, so that the operator Sis is immediately compact without any assumptions
on the dependence structure between X and Y. Thus, the PLCCA problem is fundamentally simpler and of
independent interest, and we do not view it as only a special case of the more general problem.

Thanks to the compactness of this operator, the solution to the PLCCA problem can be written down in

closed form. Let X = E[X|Y]. Then, T = 2}1/21?7 where T € RP*? contains the first d columns of the SVD

of E;/QEXE;/Q, and g(y) = E;IT/;TTIE[X\Y =y]. We note that in practice, we do not necessarily use these

formulas to compute the solutions, as the conditional expectation E [ X|Y] may not be easy to estimate.
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E Supporting results and proofs for Section 3

E.1 Proof of Theorem 3.1

The following lemma is used in the proof of Lemma E.2 as well as Theorem 3.3. We will also show a more general
version of this lemma, Lemma G.5, which is used in the proof of Theorem 4.3.

Lemma E.1 For a random vector Z € R with ¥, = 1, and random vector X € RP with Y x invertible with
p>d, with E[X]=0, E[Z] =0, we have

d
sip S E[n[26]X] = |85 x5y H2 : (33)
TeRP*? HeR?, i=1 F
ZHTZ:ETTX:Id

where ; € RP are the columns of T, and n; € RY are the columns of H. This is equivalent to the fact that,
in classical CCA, if we optimize over the sum of squares of the correlations, rather than the usual sum of the
correlations, then the solution does not change.

Proof of Lemma E.1
We begin from

E[6]XZn,]" (34)

™
=
=X
ST
N
>
=g
>
[ V]
Il
M=

N
I
—
~
Il
—

(075 xzm:)° . (35)

M=

i=1

Changing variables from T to T= E;QT, whose columns we denote by é, we have

d 2 d 2
sup Y E[NZ6;X] = sup > (07 S x2m) (36)
TeRP*4 HeR¥*? i=1 TeRP*4 HeR¥*? i=1
Yprz=Srrx=1lq Ygrz=Srrx=1lq
d . 2
= swp Y (07 ) (37)
TeRP*? HeRY? 4=1
HTH=T"T=I,

L _ 2
TS Pex s, PH | (38)

< sup
TeRP*? HeR*?,
HTH=T"T=I,
where in the last inequality, we have used that the diagonal entries of T TE;/ ) X ZE;/ 2H are the
972;(1/ ’y X ZZ;/ 2771‘, so that there is equality when this matrix is diagonal.

Taking the singular value decomposition of Z;;mEXZE;/z = UAVT, where U e RP*? A e R&>? V e R™ with
U'U=V"V =1, and A diagonal, we have that

d
sup YE[z]x]'<  swp  |TTUAVTH]| (39)
TeRP*? HeR4 i=1 TeRP*? HeR*9,
St z=Sprx=Ia HTH=T"T=I,4
<[ A7 (40)
2
- Hz;g/"’zxzzy/zHF (41)

where in the second inequality we have used the fact that multiplication by orthogonal matrices can only make
the Frobenius norm smaller. We can attain this upper bound by choosing T'= U and H =V, which also makes
the matrix TTE;(U ’y X ZZ;/ ’H diagonal. Thus, both inequalities are equalities, and the proof is complete. [

The following result is used in proof of several theorems. Here, C can refer to either Cyag or Cnr.
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Lemma E.2 The nonlinear solution g maximizes the PLiCCA problem

d
2
maximize E[g;(Y)0; X] (42)
gRISREY, TeRP*E 1]
Xgvy=Errx=la
geC

if and only if it minimizes the nonlinear regression problem

e . 2
aninimize B {Jo0) =X, (43
Syvy=la, geC

Proof of Lemma E.2
We start from
minimize [E [HBTX - g(Y)Hz] : (44)

g:RI>RY, BeRP*4
Sgvy=la, geC

and suppress the constraints in the notation for convenience. We have

inf B [||BTX —g(Y) ||§] = infE [9(Y)Tg(Y)-29(Y)" B X + X"BB"X] (45)
= inéE[tr (9(Y)Tg(Y)-29(Y)'B'X + X"BB"X)] (46)
g,
= inf tr (E[g(Y)g(Y)"-2B"Xg(Y)" + BTXX"B]) (47)
9
= inf tr (Syvy - 2B Sxyv) + B'ExB) (48)
= ;{létr(zg(y)) —2tr (B Sxy(vy) +tr (B"ExB). (49)

Since this is a least squares problem, we can plug in the optimal B for fixed g, which is simply B = X33 Xg(Y):

. 2 .. 2

;I’%E [HBTX - g(Y)HZ] = 12f1%f]E [”BTX - g(Y)||2] (50)
= inf inf tr (Sg(vy) - 2tr (B Sxyv)) +tr (B"Sx B) (51)
= inf [tr (Zgr)) =20 (Zp0)x EX Exgn)) + 1 (g0 x EX ExEX Exgr))] (52)
=inf [tr (Zg0r)) = tr (T xTX Bxgn)] (53)

and using the fact that ¥,y = I, we obtain

inf B[ B7X - g(v)[;] = int [ d - £, 5,057 | (54)

From classical CCA we recognize the matrix Eg(lf)Eg(y) XE;/ 2 as the matrix whose singular value decomposition

provides the solutions to the canonical correlation problem between ¢g(Y') and X. In particular, we can use the
Lemma E.1 to obtain

~1/2 —172)12 . o2
HZg(nEg(Y)XEX HF— TeRpXitlIS)eRdXd, i E[nig(Y)QiX] , (55)

Eutgv)y=Errx=la

d
=1

where the #; € RP are the columns of T and the 7; € R? are the columns of H. Combining this with equation
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(54), we obtain

. T 21 ..l ~1/2 -1/2)?
inf B [||B X - g(Y)||2] = inf |- Hzg(y)zg(y)xzx HF] (56)
d 2
=inf|d - sup E[n/g(Y)0] X] (57)
g TeRP*? HeR, =1
| EHTg(y)=ETTX=Id
d 2
=d—-sup sup [ E[n]g(Y)0] X] ] (58)
9 TerP*? Her¥d Li=1
Satgvy=Srtx=1a
d
=d-sup sup [ZE[gi(Y)QiTX]z], (59)
9 TerP*?, Li=1
Sorx=Ta
where in the last step we have absorbed the optimization over H into g. This completes the proof. U

Proof of Theorem 3.1
Recall that uniform convergence of a sequence of R? valued functions on K refers to convergence in the supremum
norm | g, =supyex [9(y) [, From Lemma E.2, the maximization problem of interest is equivalent to

e . 2
jnimimize | E[lo() = BTX], (60
Ey(vy=la, 9geCvar

From this, we can see that given an optimal g, the optimal B is the least-squares solution B = 23(12 Xg(y), and
plugging this B back in (using equation (53)), we obtain an optimization problem over only g,

minimize J(g), (61)

9eCvar, Zg(v)=Ila

where
J(9) =d—tr (Z,0v)xEX Sxav)) - (62)

Therefore, finding an optimal pair (g,7) reduces to finding g € Cyag which attains the value
inf gecyar,S,vy=1a /(9), since by Theorem 3.3, an optimal 7' can be derived from B. This infimum is not —oo
provided that Cvag N {g:Xyy) = Ia} # &, so that the feasible set is not empty.

We begin with a sequence {g,} ¢ Cyag for which J(g,) converges to infgec,, J(g), and set out to show that
{gn} has a subsequence that converges uniformly to a g* € Cyag with ¥g«(y) = I4. Having shown this, once we
show J(g) is continuous in g with respect to the supremum norm, the proof will be complete, since continuity
implies that the limit of the subsequence satisfies J(g*) = infgechEygg(Y):[d J(g) with g* € Cyag and Yo+ (v) = La-

Next, we show continuity of J(g) with respect to the supremum norm. We need to show that if {g,} c Cvag and
g € Cyag are such that lim,, e sup,cx [9n(y) = 9(y) [, = 0, then ¥y (y)x converges to ¥ y)x in the Frobenius
norm, since the trace function is continuous with respect to the Frobenius norm and because the composition of
continuous functions is continuous. We have

|20, 000x = Bgryx [ = [E[(92(Y) - 9(¥)) X7 (
<E[[(gn(Y)-9(Y) X7 ] (64
=E[g.(Y) - g(¥)[, [ X],] (
< gn =gl ELIX ] (

Therefore, J(g) is continuous.

Now we show that {g,} has a convergent subsequence. Since g is M-Lipschitz, ||g(y)|, is contained within a
closed interval I c R with length diam(K)M. Because E[g(Y)] = 0, I necessarily contains 0, so that Cyag is
uniformly bounded.
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Since the Lipschitz assumption gives equicontinuity of Cyag, uniform boundedness on the compact set K allows
us to use the Arzela—Ascoli Theorem (Rudin (1976) Theorem 7.25) on each coordinate of {g,} to construct d
subsequences, each containing the last, so that the final subsequence admits a subsequence converging uniformly
to some continuous g*.

Corresponding to each ¢, in this sequence is an f, : R? — R? which satisfies E[f,(g.(Y))] =
0, fn is m-Lipschitz, and E|Y = f,(g.(Y))|3 < &. Similarly to {g,}, the condition that E[f,(g.(Y))] =0 along
with f,, being m-Lipschitz implies that the {f,} are uniformly bounded. Since the {g,} are uniformly bounded,
their range can be restricted to a closed ball of R?, which is in particular compact. Therefore, without loss of gen-
erality we can restrict the domain of each f,, to this compact set K7, and again use the Arzela—Ascoli Theorem to
construct a final subsequence { f,, } which uniformly converges to some continuous f* on K, with a corresponding
subsequence {g, } retaining its previous properties, which we do not relabel for notational convenience.

It remains to be shown that g* satisfies ¥,y = I4, and that g* belongs to Cyag. Namely, we must show that
E[g*(Y)] =0, g* is M-Lipschitz, and that f* satisfies the decoder condition for ¢g*: that E[f*(¢*(Y))] =0, f*
is m-Lipschitz, and that E|Y - f*(¢*(Y))|3 < e.

It follows directly from the uniform convergence of {g,,} that g* is M-Lipschitz, and similarly, f* is m-Lipschitz.

Since Cyag is uniformly bounded, we can apply the dominated convergence theorem on each coordinate of {g,},
as well as {gng,.} to show that

Jim E[g,(¥)] =E[g" (V)] and (67)
lim E[g,(Y)gn(Y) ] =E[g"(¥V)g"(¥)]. (68)

Therefore, g* satisfies E[g*(Y)] = 0 and Xy« (yy = I4. Finally, we have
1fn(gn(Y)) = £ (g" (YD) y < [fn(9n(Y)) = fu(g" (YD) 2 + [ fn(g™ (V) = £ (g7 (Y] (69)
<mfgn(Y) = g"(V)lly + [ fnlry = 7m0 (70)
<mgn = 9" oo + [ fulry = 71K oo - (71)

Here, the notation f|g refers to the function f whose domain has been restricted to S. Therefore,
* * 2 1/2 * *
E[I(Y = falgn (")) = (V = £ (0" O] <mlgn =9 o + [ fulics = £l | (72)

1/2
which converges to 0 by the uniform convergence of {f,} and {g,}. Letting |Z|;2 = E [HZHg] denote the L?
norm of a random vector Z € R?, the reverse triangle inequality implies that

Y = fulgn (YD) L2 = 1Y = £ (g YD L2 < [V = fr(gn(Y))) = (¥ = [ (g7 (Y))) 2, (73)
so that
_ 1/2 o s 1/2
Tm E[Y = fulga (VD] =E[IY = £ (" )I5] (74)
and squaring, we obtain
* * 2 :
E[|Y - f* (g (Y)3] = lim E[JY = fu(g.("))3] <. (75)
Similarly,
E[f*(g"(Y))] = lim E[fn(g.(Y))] = 0. (76)
This completes the proof. O
E.2 Proof of Theorem 3.3
The proof is analogous to the proof of Lemma E.2. We start with
C 2
minimize K [”BTX - g(Y)||2] . (77)

g:R? —>]Rd, BeRP*
Zyvyzela, geC
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From equation (53), for the optimal B for a fixed g,

2 _
E[[BTX - g(¥)];] = tr (Spr)) = tr (Sor)xZX Exgry) (78)
B -1/2 -1 -1/2
= tr (Sg(vy) — tr (ZQ(Y)Zg(Y)EQ(Y)XEX EXQ(Y)Zg(Y)) (79)
B -1/2 -1 -1/2
= tr (Sy0r [1a = 5 Berx BR Sx0n Ty ] ) (80)
We denote D = I; - E;(l}/,Q) Yevyx 23(1 ZXg(y)Z;g{,Q) for notational ease. We note that

E;(l{/Q)Eg(y)XE}lEXg(mE;(I{E) = AA"T where A = E;(l{f) Zg(y)XZ;p. From classical CCA, the singular
values of A are the canonical correlations between ¢g(Y') and X, so they are all between 0 and 1. Therefore, D is

positive semi-definite, with eigenvalues equal to 1 -~Z, where ~; is the ith canonical correlation between g(Y")
and X. Thus,

. 2 .
Q:RqﬁRl‘}TfBe]RPXd E [||BTX B g(Y) ||2] - g:ngl—i»‘]Rd tr (EQ(Y)D) (81)
Egvyzcela, geC Ygvyzcla, geC

It is straightforward to show that, as a function of ¥,y subject to the constraint ¥,y > clg, this problem can
be minimized by ¥,y = clg, thanks to the fact that D does not depend on ¥,(yy. Therefore,

d
2
inf E[ B'X - g(Y ]: inf e (1-A2 82
gRI->RY, BeRP*? H 9( )HZ gRISR? ;( ) (82)
Sgvyzcla, geC Ygvyzcla, ge€

d
2
=c|d- sup Z’yi , (83)
gRI-RT =1
Sgvyzcla, geC

Now using Lemma E.1, we have

d
. 2 2
inf E[||BTX—g(Y)||2] =cld- sup sup S E[nfg(Y)0] X] | (84)
gRI>R?, BeRP*¢ gRISRY  TeRP* HR>M, i=1
Byvyzela, geC Sevyzela; 9eC Tyt gvy=Srrx=Ia

Writing this last supremum over h = H'g completes the proof of the first part of the statement. Additionally,
we can see that to obtain h from g (by finding H) as well as find T, we take the optimal g from the regression
problem and solve a linear CCA between g and X (appealing to Lemma E.1 that maximizing the sum of squares
of the correlations is the same as maximizing the sum of the correlations in linear CCA).

Fixing the optimal (g, B) for the regression problem, where g may not satisfy ¥,y = I4, from classical CCA we
know that we can find (7', H) that solves the CCA problem between ¢g(Y) and X via the SVD of the following

matrix:

SV xSy = TAHT, (85)
where the solutions are
T =5 *T (86)
_y-1/2 7
H= Eg(y)H. (87)

On the other hand, from its definition, it is straightforward to show that B = 3% xg(v)- Therefore, we have

S 0H B SxBY, 5 = HAHT, (88)
and
T=BHA ™. (89)

which follow from matrix algebra. This completes the proof. U
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F Supporting results and proofs for conditional VAEs

F.1 Derivation of conditional VAE objective

Introducing the latent variable Z € R?, the conditional density p(y|z) can be written as

p(ylr) = p(z,y) p(z,y,2)

90
o(x) pl..2) )
_ p(y, 2lo) a(zly) (91)
p(zlz,y) a(zly)
The log-likelihood is
Inp(ylz) =1n (p(y, 2lz) ) + ln( a(zly) ) (92)
q(2ly) p(zlz,y)
p(y, z|z) )]
=E, ) | In| ————= ||+ D q(z|y),p(zly,x)) . 93
q<|y>[ (q(zm 1 (a(=ly).p(=ly. ) (93)
Since the KL divergence is nonnegative, we obtain the ELBO lower bound:
p(y, 2|z) )]
ELBO =E, () [In| ——= | |- 94
o [ (555 o
Choosing to specify the model as
ZIX ~N(B'X,14), (96)

it holds that p(y|z,z) = p(y|z), and equivalently p(y, z|z) = p(y|z)p(z|x). From this, the ELBO can be written as

ELBO = E,(.jy) [Inp(yl2)] - D1 (a(2]y), p(z]2)) - (97)

Modeling the posterior as q(z|y) ~ N (g(Y), I4), then to maximize the ELBO we can equivalently minimize

1 1
SEacm) [V = F@)I5] + 5 o) - BTx];, (98)

where we have used the expression for the KL divergence between two Gaussian distributions with the same
covariance, and where we have plugged in the population quantities X and Y in place of z and y. In practice,
X and Y are observed, and we estimate the expectation of the above quantity with respect to (X,Y):

gaiinimize [la(¥) = BTX[] + E[Eyea [IY - £(2)13]] (99)

where the outermost expectation is with respect to (X,Y"), the observed quantities.

F.2 Proof of Theorem 4.1
We introduce tools from information theory that will be used in the upcoming proofs (see Chapters 2 and 8 of

Cover (1999)).

The differential entropy, or just entropy for short, of a random vector Y with probability density function fy (y),
is denoted by

h(Y) = -E[log (p(Y))]. (100)
when it exists and is finite.

The mutual information between random vectors X,Y with density functions fx and fy and joint density fx y
is defined as

(101)

I(X;Y) EE[log( Ixy (X, Y) )]

Ix(X)fy(Y)
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when it exists and is finite.

The conditional entropy between X and Y, where fxy (z|y) denotes the conditional density of X given Y, as

WY |X) = E[log (fxpy (X[Y))] (102)
when it exists and is finite.

We collect the following results from Cover (1999), in particular Theorems 8.4.1, 8.6.5, 2.8.1, and equation (2.39).

Lemma F.1

1. For a Gaussian random vectorY € R? with covariance Xy , we have the following expression for its differential
entropy:

nMY) = glog(%re) + %log det (Zy ). (103)

2. Differential entropy is mazimized for Gaussian distributions: for any random vector Z € R* with covariance
Y.z whose entropy exists, we have

1
hZ) < glog(Qﬁe) t5 logdet (Xz) . (104)

3. Data processing inequality: If X -Y — Z is a Markov chain, then I(X;Y) > I1(X; 7).
4. I(X;Y) =h(X) - h(X[Y).

We state an additional auxiliary inequality, which will be used in the proofs of Theorems 4.1 and 4.3.

Lemma F.2 (GM-AM Eigenvalue Inequality) For positive semi-definite A e R™? we have

HSTA) > det(A)Y4, (105)

We have equality when A is a multiple of the identity matriz 1.
Proof of Lemma F.2
This is the well-known GM-AM (geometric mean-arithemetric mean) inequality applied to the eigenvalues of

a positive semi-definite matrix. We give a proof for completeness. Let ()\i)le be the eigenvalues of A. Then
Jensen’s inequality applied to f(z) = log(x) gives

log (UEA)) - log ( Tt )‘i) > Ti1 log (\i) = log (ﬁ )\z}/d) = log (det (A)l/d) ) (106)

d d

Taking the exponential of each side completes the proof. Equality when A is a multiple of the identity matrix
I; can be seen by evaluating both sides. O

Proof of Theorem 4.1
Following Theorem 10.2.1 of Cover (1999), we define the rate distortion function Ry (D) of Y under the squared
error as

Ry (D) = inf I(Y;Y) (107)
PY|y:E[”Y_Y”25D]
where PY|Y denotes the set of conditional distributions over a random vector Y € R? given Y € R?. We note that

for D>E [HY”;] we have Ry (D) =0, since then Y = 0 satisfies the given constraint that E [”Y - Y”z < D] and
I(Y;0) = 0. The infimum is then 0 since mutual information is always nonnegative.
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From the distribution ¢(Z|Y'), Z = g(Y') + & where € ~ N (0,402, ) and ¢ is independent from Y. Let Y = f(2),

enc
i.e. the noisy reconstruction of Y. Then from the definition of Ry (4),

Ry (6) < I(Y;Y). (108)
We have that
I(Y;Y)<I(Y;Z) (109)
by the data processing inequality (Lemma F.1) since Y - Z — Y is a Markov chain. Then,
I(Y;2)=1(Z;Y) (110)
=h(Z)-h(Z|Y) (111)
=h(Z) - h(Z|g(Y)) (112)

where we have used the symmetry of mutual information, item 4 of Lemma F.1, and the fact that Z only depends
on Y through g(Y).

Since Z = g(Y') + ¢, we have h(Z|g(Y)) = h(e). Because ¢ is Gaussian, Lemma F.1 implies that
d d
hZ|g(Y)) = 5 log(2me) + 3 log (02,c) - (113)

Noting that mutual information is invariant to addition by constants, we can suppose that Z is mean 0 without
loss of generality, so that ¥z = ¥,y + X = Xy + o2 . I. Since differential entropy is maximized for Gaussian
distributions, Lemma F.1 applied to Z implies that

1
h(Z) < glog(27re) + 5 log det (Syvy + oenela) - (114)

Putting these inequalities together, we have shown that

1 d
Ry (9) < 3 log det (S,¢yy + 0egela) - 3 log (024c) (115)
1 1 d d
=5 log det (O_gnCEg(y) + Id) 5 log (agnc) b log (aznc) (116)
1l 4 1
= 5 og et Ezg(y) + Id . (117)

Applying the GM-AM inequality Lemma F.2, this is upper bounded:
d

1
1 1 1 tr(gﬁgm + fd)
d 1
Combining this with equation (117) and rearranging for ¥,(yy, we finally have
0 (Sgv)) 2 02ned (3P 1), (120)

so that C(6) from the statement of the proof is C(d) = d(e%RY(‘S) - 1). Since for D > JE[HYHg] we have
Ry (D) =0, we can check that this translates into C'(D) = 0 as well. This completes the proof. O

Using equation (117) directly, we also have the tighter bound related to the determinant of ¥y :

1
det (0229(31) + Id) > 62RY(6). (121)
This reflects the same intuition as the trace bound: the eigenvalues of ¥,(yy being large depends on the recon-

struction error § being small and the encoder variance 2 . being large.
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F.3 Generalizing Theorem 4.1 to the case of non-isotropic noise

In Theorem 4.1, modeling the posterior uncertainty as o2, I, is a simplification compared to the more general

form ¥,y (Y'), which may depend on the data Y. We adopted this choice because it leads to an intuitive
interpretation: the lower bound depends only on the magnitude of the encoder error (captured by the single

parameter o2.) and the reconstruction error §.

However, this result also generalizes to the case of a data-dependent Xy (Y). Given the general Gaussian

encoder
a(z1y) ~N(9(v), Szy (1)),
the lower bound of Theorem 4.1 becomes

0(Zy(r)) 2 A(02eom exD(2By(9)) = 0ean)- (122)

The proof is essentially equivalent to that of Theorem 4.1. The difference arises from the expressions of h(Z)
and h(Z|g(Y)) in equation (112), which now involve E[X )y (Y)] and E[logdet - (Y)], respectively.

Here, we define the geometric mean variance as aéeom = exp(é E[log det EZ|Y(Y)]), and the mean variance as
o2 =Lt (]E[Z Z|Y(Y)]). Although the behavior of the bound is more complex due to the interaction between

mean
the mean and geometric variances, the fundamental intuition is the same: higher reconstruction accuracy and

higher magnitude noise in the latent space ensure that the encoder g does not collapse to 0.

2
enc

2 _ .2 _ 2
14, we have Ogeom = Omean = Tencs

In the special case when Yz (y) = o
of Theorem 4.1.

and we recover the original statement

G Supporting results and proofs for conditional NF's

G.1 Derivation of conditional NF objective

In this case, we already have access to a dimension-reduced Y, which we call W e R
We introduce the model
W= f(2) (123)
Z=B"X +¢ey (124)
where f is injective.

We would like to derive the form of the conditional distribution p(w|z). We begin with the joint distribution,
and use the standard transformation of variables formula to obtain

pw,x(w,x) =pz x (f(w),a:) |dl‘3’D (Jf(w))

where J;(w) denotes the Jacobian matrix of a smooth function § evaluated at w. Then, denoting g = f71, the
conditional density is

; (125)

pwix (wlz) = pzix (§(w)]z) [det (Jz(w))l, (126)
so that the log of the conditional likelihood is
Inpyy|x (wlz) = Inpz)x (§(w)|z) +In|det (Jz(w))] . (127)
Using the model
ZIX ~N (B'X, I,), (128)
and writing the maximization of the log-likelihood in its population form, we obtain
1
maximize [—5 lg(w) - BTX||2 +1In|det (Jg(W))|] . (129)
g,
This is equivalent to minimizing
1 2
inimize E|= |g(W)-B™X —ldtJ~W] 130
minimize [2 lg(w) |5 = n|det (Jz(W))I|, (130)

where we have now specified the constraint set for feasible g.
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G.2 Proof of Theorem 4.2
Lemma G.1 (Gaussian Poincaré Inequality) For Z Gaussian and isotropic, and f € Cnr, we have

Siz) <E[Jr(2)I(2)7] (131)

Proof of Lemma G.1

We provide the proof for completeness; for the idea of the proof and more general results, see Theorem 2.4 of
Huang and Tropp (2021). The standard Gaussian Poincaré inequality states that (see Theorem 3.20 of Boucheron
et al. (2013)), for differentiable g: R? - R,

Var (9(2)) <E[Ivg(2)[3]. (132)

To show the desired result, we simply apply this inequality to the function u” f(y) : R? - R for u € R? to obtain

Var (u” £(2)) <E[ |V (u" £) (2)];] (133)
The left hand side is
Var (u" f(2)) =E[(u £(2))’] (134)
=E[u/(2)"/(Z)u] (135)
S (136)
while the right hand side is
E[|v (") (2)];] = E[17:(2)Tul, ] (137)
=E[u"Jp(2)Js(Z) u] (138)
=u'EB[Jp(2)Ji(Z)]u. (139)
Therefore, for all u € R%, we have
WS nu<u'E[J(Z)T(2) ] u, (140)
completing the proof. O

Lemma G.2 For g e Cny with bi-Lipschitz parameters (m, M), we have

%m det (E[J5(2)J5(2)7]) - ﬁﬂi [175(2)15(2)" - E[J;(2)J5(2)"] H;] <E[In|det (J5(2))]] (141)
Proof of Lemma G.2

The idea of the proof is that we can lower bound the expectation of Indet(J3(Z)) in terms of E[J3(Z)J3(Z)"]
and the variance of J5(Z)J5(Z)". Intuitively, this is like upper bounding E[f(V')] for convex f: R — R and
V € R a random variable in terms of E[V] and the variance of V; this upper bound will depend on the curvature
of f,ie. its second derivative. Here, V takes the role of J3(Z)J5(Z)", and we are flipping the signs to obtain
the concave version of this simpler statement.

For fixed symmetric H € R&>?, let

f(X)= %lndet (X), (142)
X, = X +tH, (143)
h(t) = f(X4), (144)

for t € [0,1]. We will use the second order Taylor expansion with integral remainder,

1
h(1):h(o)+h'(0)+[0 (1- )K" (t)dt, (145)
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and with a lower bound on h”(t) > on [0,1] and integrating (1 - ¢), we have

h(1) > h(0) + ' (0) + %l. (146)
Let A= J5(Z)J3(Z)" for notational convenience. Choosing H = A-E[A] and X =E[A],
h(1) = f(X1) (147)
_ %lndet (E[A] + (A-E[A])) (148)
= %lndet(Jg(Z)Jg(Z)T) (149)
= Indet |J;(Z)]. (150)
Similarly,
h(0) = %lndet (E[A]) (151)
= %lndet (E[J3(2)J3(2)7]), (152)

so that, taking the expectation, we have
1 1
E[Indet|J;(Z)[] 2 5 Indet (E[J3(2)J5(Z)"]) +E[K (0)] + 7E [1]. (153)
The remainder of the proof is finding the expressions of h’'(0) and h”(¢) > [, and subsequently taking their
expectations.

Beginning with h’(), this is just the directional derivative of f in the direction H, f'(X;)[H] (see Section 2.2.1 of
Bright et al. (2025)). From Appendix section A.4.1 of Boyd and Vandenberghe (2004), f'(X)[H] = §tr (X' H),
so that

h'(t) = %tr(Xt_l ). (154)
and, for H = A~ E[A] and X =E[A], #(0) = 3 tr (E[A] ™ (A~ E[A])), so that
E[h'(0)] = 0. (155)

Now we evaluate h''(t). Call h'(t) = g(X;), so that g(X) = %tr (X~'H). We again identify h”(t) as a directional
derivative, in this case of g in the direction H:

h'(t) = g'(Xe)[H]- (156)
A short computation shows that, using equation (124) of Petersen et al. (2008),
J(X)[H] = —% tr (X THX'H), (157)
so for H=A-E[A] and X =E[A], we have
B (1) = —%tr(X{l(A—IE[A])Xt‘l(A—IE[A])). (158)

To obtain a lower bound on h”(t) for ¢ € [0,1], we note that X; =E[A]+t(A-E[A]) =tA+(1-¢)E[A], a convex

combination of A and E[A], always satisfies X; > m?I, since § € Cyp guarantees that the smallest singular value

of Jj is always greater than m, so that the smallest singular value of A = J5(Z)J;(Z)" is always larger than m?.

Thus, Xt_l/2 < %Id, and we have,
1 _ _ 2
(1) =5 | X2 (A-E[A) X; 1/2HF (159)
1 _ 4
<5 X, 1A -E LAl (160)

1 2
<o lA-E[4)f%, (161)
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where we have used the property of the Frobenius norm that |AC| < |A], |C|r. From this, we see that we
can take [ = —ﬁ [A-E[A] ||3,7 completing the proof. O

Proof of Theorem 4.2
Now, we will relax the constraint that ¥,y > aly for g € Cnp. We start with Lemma G.1, which says that

Sg(r) <E[Jy(Y)J,(Y)T]. (162)
This along with X,y > aly implies
alg <E[J,(Y)J,(Y)T]. (163)
From Lemma G.2, we have
%lndet (E[J,(Y)J,(¥)7]) - 41WII<:[||JQ(Y)JQ(Y)T E[J,(Y)J,(V)]|% ] <E[ln|det (J,(Y))|].  (164)

Using aly <E[J,(Y)J,(Y)"], we can lower bound the first term in equation (164):

gln(a) < %lndet (E[J,(Y)J,(Y)T]). (165)

Thus far we have shown that

d
Zyv) x aly = E[Infdet (J,()[] > 5

tn(@) - - B[ |7,01),00) ~E[L,0) 7,00 [H]. (166)

where we can think of the second term in equation (164) as the ‘variance’ of Jg(Y)Jg(Y)". We now derive
an upper bound for IE[HJQ(Y)JQ(Y)T —]E[Jg(Y)Jg(Y)T]Hi,]. We denote the matrix function Jg(y)J,(y)" -

E[J,(Y)J,(Y)T] = F(y) e R We apply the one-dimensional Gaussian Poincare inequality (equation (132))
to each entry of F(y):

Var (Fi;(Y)) < E[|VF;(Y)]3] (167)
d (QF,.(Y) )2
=E K 168
LZ1( Yk (168)
Therefore,
E[1,(0) I, (") =E[J,(V) 1)) ] = E[IFO)IG ] (169)
d
= ). Var (Fy;(Y)) (170)
54
d OF;(Y) )2
171
; ( Oy, )
4 Nlar)|
172
Z: H Wk | p (172)
where agT(Z/) denotes the matrix with entry (7,7) equal to the %. Using equations (37) and (44) of Petersen

et al. (2008), we have

OF(y) _ 0J4(y)Jy(y)"
Oy Oy
_0Jy(y)
AYg

(173)

Jo(9)" + Jg(y )82‘;%) : (174)
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so that by the triangle inequality, the fact that |A| = ||AT||z, and the fact that |AB|n < ||A], |B| g,

Hag(y) 27, )8J o)’ (175)
Yk F F
(9J ()
<2|J z 176
ol | 2| (176)
Putting these inequalities together, we have
2 8J Y
B[]7, (), ~E[1,()7,)] 2] < l4 3 17, (1)1 [ 22200 ] (177)
F
a |1a.J,(V) |
=E[4 1,03 g( ) (178)
k=1 Yk F
Since g € Cnr, the bound || Jg(Y)||§ < M? holds. We can rewrite
d
DN Z | Hy (V) (179)
k=1 Yk

where Hy, (y) denotes the Hessian matrix of coordinate g; evaluated at y € R?. Putting these final inequalities
together, we have now shown that

E[[J,(1)J,(")" = E[J,(")1,(0)][ ]<4MQZE[||H W3] (180)

Denoting our lower bound on the right hand side of equation (166) as b(a), we finally have

M2 A
2
ba) = § In(@) - o SE[1H, DI (181)
iz
so that C' = J\Tﬁ—j Y4 E [HHgZ(Y)H;] in the statement of the Theorem. This completes the proof. O

G.3 Proof of Lemma 4.1

Lemma 4.1 follows immediately from the following Lemma G.3, since then

b<E[In|det (J5(W))l] (182)
1
< —logdet (X7 w1 ), 183
2 g(W)
and therefore,
b<E[In|det (J3(W))[] = €* = C <det (Z5m)- (184)

Lemma G.3 For jeCnr and isotropic Gaussian W e RY, it holds that

—_

E [log|det (J;(W))[] < = log det (S;w)) - (185)

[\)

Proof of Lemma G.3
We denote § by g and W by Z for notational ease. We begin with by using', for g € Cyr,

h(g(Y)) = h(Y) + E[log |det (J,(Y))]]. (186)

'See https://statproofbook.github.io/P/dent-noninv
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Having assumed that Y is an isotropic multivariate Gaussian, we can use Lemma F.1 for the expression of its
differential entropy h(Y") = -E [log (p(Y))]:

1
hY)= glog(Zﬂ'e) ts logdet (Xy) = glog(%re). (187)

Lemma F.1 also says that differential entropy is maximized for Gaussian distributions: for any random vector
Z with covariance ¥z whose entropy exists, we have

h(Z) < %llog(%re) + %logdet (Xz2). (188)

Combining these facts together, picking Z = g(Y), we have

h(g(Y)) = h(Y) + E[log|det (J,(Y))l] (189)
_ glog(%re) + E [log |det (J,(Y))] (190)
< glog(%re) - %bgdet (Sy0v)) - (191)
This implies that
E [log |det (J,(Y))]] < %log det (Syv)) (192)
completing the proof. 0

G.4 Proof of Theorem 4.3

We provide some machinery needed for the proof of Lemma G.5. It comes from Olkin and Marshall (2014).

Given two vectors of real numbers of length d, z,y € R?, we say that x majorizes y if

l.xy2a92...2xgand y1 2 Y2 > ... 2 Yd;
2. X1+ Xo+ .. AT 2Y1+ys+...+y for k=1,...d;

3. X1+ To+...+Tg=Yy1+Yo+...+Yq-

When the first two conditions hold but in the possible absence of the third, we say that x weakly submajorizes
y. The result we need is known as Tomic’s inequality (Theorem 4.B.2 of Olkin and Marshall (2014)).

Lemma G.4 (Tomic’s inequality) Suppose x,y € R? are both vectors with entries contained in the interval
(a, 8) €R. Then, if f:(a,B) > R is convex, increasing, and x weakly submajorizes y, then

d d
Z;f(yi) S;f(a:i)- (193)

A more well-known version of this theorem is referred to as Karamata’s inequality, where f is not assumed to
be increasing, but where we require that « majorizes y. In this case, the conclusion still holds (Kadelburg et al.,
2005).

In the following lemma, we generalize Lemma E.1.

Lemma G.5 Let f:R — R be an even function with f(0) =0, f(z) >0 Vz, and such that f(\/x) is convex and
increasing on Rso. Then, given a random vector Z € RY with invertible ¥z, and a random vector X € RP with
Yx invertible with p > d, with E[X]=0, E[Z] =0, we have

d d
sup Y f(E[0]20;X]) =3 F (), (194)
TeRP*? HeRY? i=1 i=1

Yprz=Sprx=Ia
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where the 0; € RP are the columns of T, and the n; € R? are the columns of H, and the ~; are the singular values
of E;/?EZXE;/Q. In addition, the supremum is attained by the (T, H) that solve the classical CCA problem
between X and Z.

This is equivalent to saying that in classical CCA, for a large class of convex functions, mazximizing the sum of
the function applied to the correlations rather than the usual sum of the correlations does not change the solution.

Remark 6 Taking f(x) = 2%, we recover Lemma E.1.

Proof of Lemma G.5
We begin by using a similar argument to the proof of Lemma E.1. We have, using a change of variables

T=xJPT, H=x,"H,

d d
sup M F(ERZ0IX]) = s X (6]Sxzm)’ (195)
TeRP*?, HeR?, i=1 TeRP*% HeRY | i=1
Sy z=Srrx=ld S 1 y=Srr =1
d ~
= s S (0P ) (196)

TeRP*4 HeR?*¢ i=1
H H=T"T=1I,4

d d ~ B _ ~
< s Y Y F(07Peass, ) (197)
TeRP*? HeR¥*? 4=1 j=1

ATH=TTT=1,

where in the last inequality we have used that f(x) > 0. Then,

d d d d _ ~
s S (OIS Pexss, i) = swp Yy f((TTuavTH),), (198)
TeRP*? R4 i=1 j=1 TeRP*? HeR¥*? 4=1 j=1
A AT T-1, AT A=T7T-1,

where UAVT is the SVD of 25{1/22)(22;/2, where U € RP*? and V € R™? are orthogonal, and A € RP*? ig
diagonal. Since U and V are orthogonal, we can perform another change of variables to L =UTT and R =V H:

d d ~ _ d d
sup Of ((TTUAVTH)”.) = sup Of ((LTAR)U) (199)
TeRP*4 FeR¥*? 4=1j=1 LeRP*4 ReR¥*? i=1 j=1
H H=T"T=I, L"L=R"R=I,

d
= sup sup Y f((KTR)Z_j), (200)

LeRP*4 ReR¥*? 4=1 j=1

L'L=I4 R"R=1I,4
where in the last step we let K = ATL € R%? and split the supremum into two suprema. Denote by t; =

2\d 2

((k:iTrj) )j:l € R?. Then, (KTR);; = kjrj = \/(k;rj) = /T;j, where k; denotes the ith column of K, and r;
denotes the jth column of R.
Since R is orthogonal, its columns form a basis of R%, and the ¢; contain the squared values of the representation
of k; in the basis of the columns of R. In particular, |k; ||§ = 2?21 t;, and the vector w; = (sz ||§,0,0...0) eR?

majorizes t. We can then apply Tomic’s inequality, Lemma G.4, to t and w, applied to f(\/r) which was assumed
to be convex and increasing. We obtain, for i = 1,...d,

Zf((KTR)w) = Zf( tij) (201)

d
< ;f(m) (202)

-7 (VikI2) (203)
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where we have used that f(0) =0 in the final equality. Therefore,

sup  sup Zdjzd: ((KT )i)< sup Zf(\/”k‘ |2) (204)

LeRP*4 ReR¥*? 4=1 j=1 LeRP*4 =1
LTL=1, RTR:Id LTL=I,
d
= sup Zf(\/l;AATli) (205)
LeRP*? =1
LTL=1I4

since k; = ATl; where [; is the ith column of L. Letting b(L) = (ZZAATli)jzl, then b(L) is the diagonal of the
matrix B(L) = LTAATL € R4, where our notation emphasizes that b and B are functions of L € RP*?, We let
A (AAT) = (%2)?:1 denote the first d eigenvalues of AAT.

We denote the descending eigenvalues of any symmetric matrix A € R4 by A\(A) € R, and by \;(A) the ith
entry of A(A). By Schur’s Theorem, Theorem 4.3.45 of Horn and Johnson (2012), for every L, A(B(L)) majorizes
b(L). Corollary 4.3.39 of Horn and Johnson (2012) applied to AAT immediately implies that Aj.g (AAT) weakly
submajorizes A(B(L)) for every orthogonal L € RP*¢. Two final applications of Tomic’s inequality to f(\/z) give
that

s 3 f(\/liTAATli)s sup 3 E) (206)

LeRP*? =1 LeRP*? =1
LTL=I,4 LTL=I4
d
<3 f(VAi(AAT)) (207)
i=1

M

<
I
—

(V) 05

f ), (209)

M=

<.
Il
[u

and we note that we have equality when L € RP*¢ has 1s on its diagonal and 0s elsewhere.

‘We have now established that

d d
sup > f(E[n] 207 X]) <37 f (), (210)
TeRP*? HeR*? i=1 i=1
Eptz=Yptx=ld
and tracing back the inequalities and changes of variables, we have equality when we choose L to have 1s on its
diagonal with Os elsewhere and R to be I4, corresponding to choices of T =U and H = V. Equality in equation
(197) follows from the fact that these choices of T and H make TTUAVTH diagonal. This corresponds to
T= E;(l/QT and H = E;/QﬁL which are exactly the solutions to the classical CCA problem between X and Z,
and the proof is complete. O

Proof of Theorem 4.3
We denote g by g and W by Y for ease of notation. We begin with

minimize ~ E [Hg(Y) - BTXHz] , (211)
ECNF BER
E[In|det(J, (Y))|]>b

the equivalent formulation of the normalizing flow problem. From Theorem 4.1, we know that this problem is a
constrained problem relative to

minimize ]E[”g(Y) BTX” ] (212)
geCnr, BeRP*4
det(Zg(y>)>c

where ¢ = €2* Now, we show that this relaxed problem is equivalent to a partially linear CCA problem.
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Following the proof of Theorem 3.3 up until equation (81), we have

. T _ 2 _ .
Q:RqaRl‘?fBeRde E[HB X g(Y)||2] g:]Rl‘Iand tr (Eg(Y)D)7 (213)
det(Eg(y))Zc, geCnF det(Eg(y))zc, geCnr
where we have denoted D = I - E;(l}/?)Eg(y)XE}IEXg(y)E;(ll//Q) for notational ease. = We note that

E;(lﬂ/f)zg(y)ng(lZXg(Y)Z;(IS/E) = AA" where A = 2;2342)29(1/))(2;(1/2_ From classical CCA, the singular values
of A are the canonical correlations between g(Y) and X, so they are all between 0 and 1. Therefore, D is

positive semi-definite, with eigenvalues equal to 1 - *yf, where ~; is the ith canonical correlation between g(Y")
and X.

Applying the GM-AM inequality Lemma F.2, we have

1/2 1/2

tr (S D) = tr (403, DB, (214)
1/2 12\

> ddet (213, DS ) (215)

1/d
= ddet (Zy0vy) ' det (D), (216)

with equality when E;{%DZ;@,) is a multiple of I5. Therefore,
. Ty 2 . 1/d 1/d
ne E[[BX - g(¥)],] 2 nt ddet (Z,0v)) """ det (D) (217)
geCnr, det(Sy(yy)2e geCnr, det(Sy(yy)2c

> inf det det (D). (218)

g:]Rd—ﬁRd'

geCNF, det(Eg(y))ZC

Picking ¥,(y) = (cdet (D))l/d D Yg(v) satisfies det (Eg(y)) = cand 22 Dy!/?

oy P 3y is amultiple of Iy. Therefore
the inequalities become equalities and we have

i Ty 2] _ . 1/d 1/d
g:Rda]ngfBe]R’“d E[”B X g(Y)||2] g:]RldnfRd de det (D) (219)
geCnr, det(Sy(y))2c geCnr, det(Syey))2c
4 1/d
= dct? inf 1-~2 . 290
e (T2 (220)

geCnNF, det(Eg(y))zc
Therefore, minimizing the relaxed NF problem (212) is equivalent to maximizing
d 1
sup > log ( 5 ) . (221)
i=1 L-7;

g:RdaRd
geCnF, det(Zg(y))zc

Applying Lemma G.5, with Z = g(Y"), observing that f(z) = log(#) satisfies the conditions of the Lemma,

1-z2

namely evenness, that f(xz) >0, and that f (\/E) = log (ﬁ) is convex and increasing on R,g, we have

d d

1 1

sup Z log ( ) = sup sup Z log , (222)
gRILRY i=1 1-~7 gRISRY TeRP*Y HeRd =1 1-E [niTg(Y)@iTX]2

geCnr, det(Sy(yy)2c geCnr, det(Sy(y))2e BT g(v) 2T x=1d

where the #; € RP are the columns of T, and the 7; € R? are the columns of H. This is equivalent to

4 . 1/d
sup sup I1 5 ; (223)
gRI-RY rerr*d ger??, \i=1 1-E[n]g(Y)0] X |
geCnr, det(Zy(yy)2e BuTo(v)=2rTx=1a

and writing this problem over h(y) = H' g(y) completes the proof. d
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G.5 Note on the necessity of Gaussian assumptions

We note that the Gaussian assumption on W, the dimension reduced representation of Y, serves to simplify the
statements of the results in Section 4.3, but in fact is not necessary. In showing Theorem 4.2 (and Corollary 4.1),
we only use the Gaussian assumption to show the Gaussian Poincaré inequality. There are many distributions
for which Poincaré inequalities hold, and only change the result by a constant (see for example Section 2.7 of
Huang and Tropp (2021)).

The only other usage of the Gaussian assumption is in showing Lemma 4.1 (subsequently Theorem 4.3). However,
its proof does not depend on the Gaussian assumption: it suffices to assume that the entropy of W is lower
bounded. The same result holds, except that the expression for ¢(b) has an additional constant.



